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Abstract. Let f, g ∈ k[x] be nonconstant polynomials over a number
field. We count S-integer inputs a for which f(a) has a k-rational preim-
age under g, after removing the polynomial graph components Y = h(X)
with f = g ◦ h. The main theorem gives componentwise height bounds.
For a rational component of f(X) − g(Y ) = 0 with one geometric point
at infinity and projection degree dX(C) to the X-line, the corresponding
contribution has the sharp power-log order

B[k:Q]/dX (C)(log B)qk,S , qk,S = rk O∗
k,S = |S| − 1,

precisely when its X-parametrization is S-active. Rational components
with two geometric points at infinity contribute only polylogarithmi-
cally, and all other components contribute finitely many inputs. Over
Q, square-root growth after graph removal occurs exactly from active
rational one-infinity components with dX(C) = 2. We give an explicit
thin exceptional set for the generic multiplicity theorem and prove that
every square-root source forces g to have an involutive affine symmetry.

1. Introduction

Let K be a Hilbertian field of characteristic zero. A basic application of
Hilbert irreducibility says that if f, g ∈ K[x] are nonconstant and

{x ∈ K : f(x) ∈ g(K)}
is non-thin, then f = g ◦ h for some h ∈ K[x]. Indeed, rational lifts of f(x)
through g are rational points on the finite cover

Cf,g := (f(X) − g(Y ) = 0)red −→ A1
X .

A finite cover whose rational image contains a non-thin set must have a
component of generic degree one over the base. In the polynomial situation
such components are exactly the graph components Y = h(X), with f =
g ◦ h.

This observation is useful, but by itself it lies very close to the definition
of thinness. The purpose of this note is to record the next layer: what
remains inside the sparse exceptional set after the graph components have
been removed. For integer and S-integer inputs, the answer is geometric and
componentwise. Power-size exceptional sets come from rational components
with one geometric point at infinity; the exponent is the reciprocal of the
projection degree to the X-line. Rational components with two geometric
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points at infinity give S-unit, hence polylogarithmic, growth. All other
components give only finitely many S-integral inputs.

What is and is not new. This paper does not classify the separated-
variable components of f(X)−g(Y ). That problem belongs to a substantial
literature. Bilu–Tichy classify the pairs (f, g) for which f(x) = g(y) has in-
finitely many rational solutions with bounded denominator [5]; Davenport,
Lewis and Schinzel initiated related questions about separated polynomials
[8, 9]; and Dvornicich–Zannier study closely related value questions for alge-
braic functions [10, 11]. König–Neftin study reducible fibers of polynomial
maps from a quantitative Hilbert-irreducibility viewpoint [14]. The recent
preprint of Behajaina–König–Neftin announces a solution to the Davenport–
Lewis–Schinzel reducibility problem for f(X) − g(Y ) over C, with applica-
tions to the Hilbert–Siegel problem [6].

Our contribution is different and deliberately narrower. We assume the
component geometry of f(X) − g(Y ) has been found, or can be found by
existing factorization and normalization methods, and then extract the inte-
ger and S-integer lifting exponents after polynomial graph components have
been removed. In this form the theorem records three pieces of arithmetic
data which are not separated out by the classification statements alone:
the projection degree dX(C), the distinction between arithmetically active
and inactive one-infinity parametrizations, and the fact that two-infinity
components are only unit-theoretic and hence polylogarithmic.

This is why the main theorem should be read as a componentwise height-
counting refinement of Hilbertian value-set lifting, not as a replacement for
the Bilu–Tichy or Davenport–Lewis–Schinzel classification theorems. We
also use Bilu’s paper on quadratic factors [4] only as nearby low-degree
separated-variable literature. Its condition concerns factors of small total
degree, whereas the square-root boundary in this paper is the projection-
degree condition dX(C) = 2. These are related but not identical. Work of
Avanzi–Zannier on separated-variable genus-one curves and polynomial Pell
equations is also close to the two-infinity examples below [2].

The final section adds one useful structural restriction on the square-root
boundary. A quadratic source forces the polynomial g to have a nontrivial
involutive affine symmetry. Equivalently, after a translation of the Y -line, g
factors through the squaring map. Thus, for example, no square-root source
can occur when deg g is odd or when g has no such symmetry.

Standard inputs and counting convention. The proof uses three
standard inputs: Hilbert irreducibility through thin sets, Siegel–Mahler
finiteness for S-integral points on affine curves, and height counting
for S-integers. On the integral-point side, Alvanos–Bilu–Poulakis give
necessary and sufficient conditions for an affine curve to have infinitely
many S-integral points [1]; here we use only the curve-wise finiteness
dichotomy and then refine the count by the X-projection. The last input
is used in the form
#{a ∈ Ok,S : H(a) ≤ B} ≍ B[k:Q](log B)qk,S , qk,S = rk O∗

k,S = |S| − 1,
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following Schanuel and Barroero. The logarithmic exponent includes the
Archimedean unit rank; it is not merely the number of finite places of S.

The main upper bounds count X-values, not solution pairs. Summing
component counts gives an upper bound because the same input may oc-
cur on several components. Lower bounds are proved componentwise: on
an active component with one geometric point at infinity a polynomial
parametrization gives many S-integer X-values, and the bounded degree
of the parametrization controls collisions. This is why the paper obtains
sharp power-log orders without asserting a global leading constant.

Proof roadmap and component table. The proof has the following
schematic form:

new rational lift =⇒ non-graph component of Cf,g,

component type =⇒ Siegel–Mahler/height estimate
=⇒ input exponent.

More explicitly, after denominator control places all relevant lifts on a fixed
integral model, each non-graph component contributes according to the
following trichotomy.

component
type

geometric description input contribution

Siegel-finite not geometrically integral; or
positive genus; or at least three
boundary points; or no k-rational
genus-zero model

O(1)

one-infinity C̃ ∼= P1
k, #DC = 1, X = A(t) B[k:Q]/ deg A(log B)qk,S if

active; otherwise O(1)
two-infinity C̃ ∼= P1

k, with DC consisting of two
geometric points

(log B)ρ

Here a “one-infinity” component means a rational component with one geo-
metric point at infinity, and similarly for two-infinity components. The
power terms are sharp componentwise when the one-infinity component is
active. No leading constant is asserted globally, because different compo-
nents may produce the same input values; the theorem is a sharp exponent
statement, not a disjointness or main-term theorem.

Generic multiplicity and the explicit thin set. Let p : W → X be a
finite morphism with X normal and integral. Let s(p) denote the number
of irreducible components of Wred which dominate X with generic degree
one.

Theorem 1.1 (Generic rational fiber count). Let K be a field, let X/K
be a normal integral variety, and let p : W → X be finite with W reduced.
Assume that every irreducible component of W which dominates X is gener-
ically separable over X. Then there is a thin subset T ⊆ X(K) such that

#p−1(x)(K) = s(p) (x ∈ X(K) \ T ),

where fibers are counted as reduced sets of rational points.
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For polynomials, put
Hf,g(K) = {h ∈ K[x] : f = g ◦ h}.

Then Theorem 1.1 gives
#{y ∈ K : g(y) = f(x)} = #Hf,g(K)

outside a thin subset of K. We also make this exceptional set explicit. If

(f(X) − g(Y ))red = c
s∏

i=1
(Y − hi(X))

m∏
j=1

Fj(X, Y )

is the squarefree factorization in K[X, Y ], where hi ∈ K[X], f = g ◦ hi, and
degY Fj ≥ 2, then outside an explicitly computable finite collision set the
exceptional inputs are exactly

m⋃
j=1

{x ∈ K : Fj(x, Y ) has a root in K}.

For Hilbertian K of characteristic zero this is a thin subset of A1(K). See
Proposition 3.3.

The sparse number-field theorem. Let k be a number field, let S be
a finite set of places of k containing the Archimedean places, and let Ok,S

be the ring of S-integers. We write H for the absolute multiplicative Weil
height and nk = [k : Q]. Define

Nnew
f,g,k,S(B) = #

{
a ∈ Ok,S : H(a) ≤ B, ∃y ∈ k with g(y) = f(a),

y ̸= h(a) for every h ∈ Hf,g(k)
}

.

Thus we count only the inputs admitting a new rational lift, not explained
by polynomial graph sections. Throughout, the quantities Nnew count in-
puts a, not points on the curve. Consequently the upper bounds are ob-
tained by summing componentwise contributions, while the lower bounds
use one active component, bounded degree of its X-parametrization, and
deletion of only finitely many graph intersections.

Let C be a non-graph irreducible component of Cf,g. Let C̃ be the smooth
projective normalization and let DC be the boundary of the affine normal-
ization. Let R1(f, g; k) denote the set of non-graph components such that
C is geometrically integral, C̃ ∼= P1

k, and #DC = 1. For such a component,
choose a coordinate t on the affine normalization and write

X = AC(t), Y = BC(t), AC , BC ∈ k[t].
Then

dX(C) := [k(C) : k(X)] = deg AC .

We call C S-active if
AC(k) ∩ Ok,S ̸= ∅.

This condition is independent of the chosen coordinate t. Let
Ract

1 (f, g; k, S) ⊆ R1(f, g; k) be the active subset. Let R2(f, g; k) be
the set of non-graph irreducible components C such that C is geometrically
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integral, C̃ ∼= P1
k, and DC consists of two geometric boundary points. The

two boundary points need not be individually defined over k; in the proof
they are split after a finite extension.

Theorem 1.2 (Sparse exceptional lifting over number fields). Let k be a
number field, let S be a finite set of places containing the Archimedean
places, put qk,S = rk O∗

k,S = |S| − 1, and let f, g ∈ k[x] be nonconstant.
Then there are nonnegative integers ρC, for C ∈ R2(f, g; k), depending only
on k, S, f, g, such that

Nnew
f,g,k,S(B) ≪k,S,f,g 1 +

∑
C∈Ract

1 (f,g;k,S)
Bnk/dX(C)(log(2B))qk,S

+
∑

C∈R2(f,g;k)
(log(2B))ρC .

In particular, if Ract
1 (f, g; k, S) ̸= ∅ and

θf,g,k,S = max
C∈Ract

1 (f,g;k,S)

1
dX(C) ,

then
Nnew

f,g,k,S(B) ≪k,S,f,g Bnkθf,g,k,S (log(2B))qk,S + (log(2B))c

for some c ≥ 0. If Ract
1 (f, g; k, S) = ∅, then

Nnew
f,g,k,S(B) ≪k,S,f,g (log(2B))c.

The power-log orders in Theorem 1.2 are sharp when an active component
is present.

Theorem 1.3 (Active one-infinity components give lower bounds). Let C ∈
Ract

1 (f, g; k, S), and put d = dX(C). Then
Nnew

f,g,k,S(B) ≫k,S,f,g,C Bnk/d(log(2B))qk,S ,

where qk,S = rk O∗
k,S = |S| − 1. Consequently, the power-log exponent nk/d

attached to an active one-infinity component cannot be improved in general.

For ordinary integer inputs over Q, no logarithm appears in the power
terms.

Corollary 1.4 (Integer inputs over Q). Let f, g ∈ Q[x] be nonconstant and
put

Nnew
f,g (B) = #{n ∈ Z : |n| ≤ B, ∃y ∈ Q with g(y) = f(n),

y ̸= h(n) for every h ∈ Hf,g(Q)}.

Then
Nnew

f,g (B) ≪f,g 1 +
∑

C∈Ract
1 (f,g;Q,{∞})

B1/dX(C) +
∑

C∈R2(f,g;Q)
(log(2B))ρC .

In particular,
Nnew

f,g (B) = Of,g(B1/2).
Moreover,

Nnew
f,g (B) ≍f,g B1/2
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if there is an active non-graph rational one-infinity component with dX(C) =
2; if no such component exists, then

Nnew
f,g (B) = Of,g(B1/3) + Of,g((log(2B))c).

Thus square-root growth is not an undifferentiated failure of Hilbert ir-
reducibility. It is caused exactly by active rational one-infinity components
with quadratic projection to the X-line.

Quadratic sources. The square-root case can be isolated without import-
ing the full Bilu–Tichy standard-pair classification.
Proposition 1.5 (Quadratic-source reformulation). Let k be a field of char-
acteristic zero, and let f, g ∈ k[x] be nonconstant. The curve Cf,g has a
non-graph rational one-infinity component C with dX(C) = 2 if and only if
there exist polynomials A, B ∈ k[t] such that

deg A = 2, k(A(t), B(t)) = k(t), f(A(t)) = g(B(t)),
and

B(t) /∈ k[A(t)].
Equivalently, after a linear change of the parameter and a linear change of
the X-coordinate, every such source has the form

A(t) = αt2 + β, α ∈ k∗, β ∈ k.

We prove a sharper structural form in Section 8: every quadratic source
comes from a nontrivial affine involution of g. Equivalently, after a linear
change of the Y -coordinate, g is an even polynomial. This gives a sim-
ple obstruction: if g has no such involution, then no square-root source
exists. The source-even normal form classifies the quadratic source mech-
anism; a further sorting of those identities into Bilu–Tichy standard-pair
families would require additional separated-variable classification machin-
ery. In particular, one must not confuse the condition dX(C) = 2 with the
small-total-degree condition in Bilu’s quadratic-factor theorem; that the-
orem is adjacent background, not a direct black-box classification of the
square-root sources considered here.

2. Thin sets, multiplicity, and explicit exceptional sets

Throughout, a variety over a field is an integral separated scheme of finite
type over that field. If π : Y → X is a dominant generically finite morphism
of integral varieties, its generic degree is

deggen(π) = [K(Y ) : K(X)].
Definition 2.1 (Thin sets). Let K be a field and let X be an integral K-
variety. A subset A ⊆ X(K) is thin if it is contained in a finite union of
sets of the following two types:

(i) Z(K), where Z ⊊ X is a proper closed subvariety;
(ii) φ(V (K)), where V is an integral K-variety and φ : V → X is

dominant, generically finite, generically separable, and deggen(φ) ≥
2.
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The variety X has the Hilbert property over K if X(K) is not thin. We use
the standard language of thin sets and Hilbert irreducibility as in Serre and
Fried–Jarden [17, 13].
Lemma 2.2 (Thin image of a cover without degree-one components). Let
K be a field, let X be an integral K-variety, and let π : Y → X be fi-
nite. Assume that every irreducible component of Yred which dominates X
is generically separable over X and has generic degree at least 2. Then
π(Y (K)) is thin in X(K).
Proof. Write Y1, . . . , Ym for the irreducible components of Yred. If Yi is not
dominant over X, then π(Yi) is contained in a proper closed subset of X,
since π is finite.

Suppose Yi is dominant. Let νi : Y ν
i → Yi be the normalization. There

is a dense open subset Ui ⊆ Yi over which νi is an isomorphism. Put
Ei = Yi \ Ui. Then π(Ei) is contained in a proper closed subset of X, and
every K-point of Yi \ Ei lifts uniquely to Y ν

i (K). Hence
π(Yi(K)) ⊆ (π ◦ νi)(Y ν

i (K)) ∪ π(Ei)(K).
The morphism π ◦ νi : Y ν

i → X is dominant, generically finite, generically
separable, and of generic degree at least 2. Its image on K-points is thin
of type (ii), up to the proper closed exceptional image π(Ei). Taking the
finite union over all i proves the lemma. □

Definition 2.3 (Degree-one component count). Let p : W → X be a finite
morphism with X integral. Define s(p) to be the number of irreducible
components Wi of Wred such that Wi dominates X and deggen(Wi/X) = 1.
Theorem 2.4 (Generic rational fiber count). Let K be a field, let X/K
be a normal integral variety, and let p : W → X be finite with W reduced.
Assume that every irreducible component of W which dominates X is gener-
ically separable over X. Then there is a thin subset T ⊆ X(K) such that,
for every x ∈ X(K) \ T ,

#p−1(x)(K) = s(p),
where the fiber is counted as a reduced set of K-points.
Proof. Let W1, . . . , Wm be the irreducible components of W . We build the
exceptional set T . Include the rational points of the images of all non-
dominant components. These images are proper closed subsets of X. Also
include the rational images of all dominant components of generic degree at
least 2. By Lemma 2.2, their union is thin.

If Wi has generic degree one over X, then W ν
i → X is finite birational.

Since X is normal, this morphism is an isomorphism. Include in T the image
in X(K) of the proper closed locus of Wi over which W ν

i → Wi is not an
isomorphism, and include the images in X(K) of all pairwise intersections of
distinct degree-one components. These images lie in proper closed subsets
of X.

For x /∈ T , no non-dominant or degree-at-least-two component con-
tributes a rational point over x. Each degree-one component contributes
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exactly one rational point, and the points contributed by distinct degree-
one components are distinct. Thus the fiber cardinality is s(p). □

Corollary 2.5 (Multi-section criterion). With hypotheses as in Theo-
rem 2.4, suppose

Ωr = {x ∈ X(K) : #p−1(x)(K) ≥ r}
is non-thin. Then s(p) ≥ r.

Proof. If s(p) < r, Theorem 2.4 gives a thin set outside which all rational
fibers have cardinality less than r. Hence Ωr would be thin, a contradiction.

□

3. Polynomial multiplicity and an explicit exceptional thin
set

Let K be a field and let f, g ∈ K[x] be nonconstant. Put
Hf,g(K) = {h ∈ K[x] : f = g ◦ h},

and
Cf,g = (f(X) − g(Y ) = 0)red ⊂ A2

X,Y .

The set Hf,g(K) is finite. Indeed, its elements are in bijection with those
irreducible components of Cf,g which have generic degree one over A1

X , and
the curve Cf,g has only finitely many irreducible components.

Theorem 3.1 (Generic rational preimage formula). Let K be a field of
characteristic zero, and let f, g ∈ K[x] be nonconstant. Then there is a thin
subset T ⊆ K such that

#{y ∈ K : g(y) = f(x)} = #Hf,g(K) (x ∈ K \ T ).

Proof. Projection p : Cf,g → A1
X is finite because g is nonconstant. By

Theorem 2.4, outside a thin subset of K, the rational fiber cardinality equals
the number of components of Cf,g of generic degree one over A1

X .
Such components are exactly the polynomial graph components. Indeed,

if D is a component of generic degree one over the X-line, then in K(D) =
K(X) we have Y = h(X) for some h ∈ K(X), and

f(X) = g(h(X)).
If h had a finite pole, then g(h) would have a finite pole: at that place
the leading term of g(h) has strictly larger pole order than every lower
term. This contradicts f ∈ K[X]. Hence h ∈ K[X]. Conversely, every
h ∈ Hf,g(K) gives the graph component Y = h(X). This identifies the
degree-one components with Hf,g(K). □

Corollary 3.2 (Multiplicity lifting for polynomials). Let K be a Hilbertian
field of characteristic zero, let f, g ∈ K[x] be nonconstant, and let r ≥ 1.
Suppose there is a non-thin subset Ω ⊆ K such that, for every x ∈ Ω, the
equation

g(y) = f(x)
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has at least r distinct solutions y ∈ K. Then there exist distinct polynomials
h1, . . . , hr ∈ K[x] satisfying

f = g ◦ hi (1 ≤ i ≤ r).

Proof. If fewer than r such polynomial sections existed, then Theorem 3.1
would give a thin set outside which the rational fiber cardinality is less than
r, contradicting the non-thinness of Ω. □

Proposition 3.3 (Explicit exceptional set for polynomial multiplicity). Let
K be a field of characteristic zero, and let f, g ∈ K[x] be nonconstant. Write
the squarefree factorization in K[X, Y ] as

(f(X) − g(Y ))red = c
s∏

i=1
(Y − hi(X))

m∏
j=1

Fj(X, Y ),

where c ∈ K∗, hi ∈ K[X], f = g ◦ hi, and each Fj is irreducible over K
with degY Fj ≥ 2. Let

Pi = Y − hi(X) (1 ≤ i ≤ s), Ps+j = Fj (1 ≤ j ≤ m).
The pairwise resultants are nonzero because the factors Pa are distinct irre-
ducible factors, hence coprime in K(X)[Y ]. Define

R(X) =
∏
a<b

ResY (Pa(X, Y ), Pb(X, Y )),

after omitting constant nonzero factors, with the convention R = 1 if no
nonconstant factor remains, and put

ZR = {x ∈ K : R(x) = 0}.

For each j, put
Tj = {x ∈ K : Fj(x, Y ) has a root in K}.

Then
{x ∈ K : #{y ∈ K : g(y) = f(x)} ̸= s} ⊆ ZR ∪

m⋃
j=1

Tj.

Moreover, for every x ∈ K \ ZR,

#{y ∈ K : g(y) = f(x)} = s +
m∑

j=1
#{y ∈ K : Fj(x, y) = 0}.

In particular,

{x ∈ K \ ZR : #{y ∈ K : g(y) = f(x)} ̸= s} =
 m⋃

j=1
Tj

 \ ZR.

Each Tj is thin in A1(K). If K is Hilbertian, this is a genuine Hilbertian
exceptional set: A1(K) itself is not thin.

Proof. The graph factors contribute the points y = hi(x). Away from ZR, no
two distinct component factors have a common Y -root after specialization
at X = x. Hence the graph contributions are distinct, and no root coming
from a non-graph component collides with a graph root or with a root
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from another component. Therefore the reduced rational fiber cardinality
is exactly

s +
m∑

j=1
#{y ∈ K : Fj(x, y) = 0}.

This proves the equality outside ZR, and the containment follows.
Because f(X) − g(Y ) has constant nonzero leading coefficient in Y ,

namely − lc(g), each positive-Y -degree factor Fj also has constant nonzero
leading coefficient in Y . Hence the projection Fj(X, Y ) = 0 → A1

X is finite
of degree degY Fj. Since degY Fj ≥ 2 and characteristic is zero, this is a
generically separable degree-at-least-two cover. Thus Tj is the rational
image of a degree-at-least-two cover of A1, up to the finite exceptional set
already absorbed into ZR, so it is thin. □

Remark 3.4. One may multiply R by the discriminants discY (Fj) if one
wants a good specialization locus on which all specialized fibers are also
separable. For the reduced fiber cardinality formula above, pairwise resul-
tants are the essential finite collision terms.

4. Integral points on components over number fields

Let k be a number field, S a finite set of places containing the
Archimedean places, and Ok,S the ring of S-integers. We write H for
the absolute multiplicative height on P1(k), put nk = [k : Q], and put
qk,S = rk O∗

k,S = |S| − 1.

Lemma 4.1 (Counting S-integers of bounded height). Let k be a number
field, let S be a finite set of places containing the Archimedean places, and
put

qk,S = rk O∗
k,S = |S| − 1.

There are constants c1, c2 > 0 such that, for R ≥ 2,
c1R

nk(log R)qk,S ≤ #{a ∈ Ok,S : H(a) ≤ R} ≤ c2R
nk(log R)qk,S .

The same upper and lower bounds hold for any nonempty affine coset a0 +
λOk,S, λ ̸= 0, and for any nonzero fractional Ok,S-ideal, with constants
depending on the coset or ideal.

Proof. This is the degree-one case of the standard height asymptotics for
S-integers; see Schanuel’s theorem for bounded-height points over number
fields [16] and Barroero’s S-integer counting theorem [3]. The logarithmic
exponent is the full S-unit rank, not only the number of finite places in S:

qk,S = r1 + r2 − 1 + |Sf | = |S| − 1,

where Sf is the set of finite places in S. For fractional ideals and affine
cosets, we recall the standard reduction. If I is a nonzero fractional Ok,S-
ideal, choose nonzero α, β ∈ k with

αOk,S ⊆ I ⊆ βOk,S.

The existence of β is the definition of a fractional ideal, and any nonzero
α ∈ I gives the left inclusion. Multiplication by a fixed nonzero element
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distorts absolute height by a bounded factor, so the same upper and lower
estimates hold for I. If a0 + I is a nonempty affine coset, the inclusions

a0 + αOk,S ⊆ a0 + I ⊆ a0 + βOk,S

reduce the matter to cosets of principal fractional ideals. For fixed a0 ∈ k
and γ ∈ k∗, the elementary height inequalities

H(a0 + γu) ≤ Ca0,γH(u), H(u) ≤ C ′
a0,γH(a0 + γu)

hold for all u ∈ k. The first inequality follows from the standard height
bounds for addition and multiplication, and the second follows by writing
u = γ−1((a0 + γu) − a0). Hence replacing u by a0 + γu distorts height
balls only by fixed multiplicative constants, and the same upper and lower
estimates hold for the coset. □

Lemma 4.2 (Height growth under rational functions). Let A ∈ k(t) be
a nonconstant rational function of degree d. There are positive constants
c1, c2, depending on A, such that

c1H(t)d ≤ H(A(t)) ≤ c2H(t)d

for all t ∈ P1(k) for which A(t) is defined.

Proof. This is the standard functoriality of Weil heights for morphisms P1 →
P1; see, for example, [15, Ch. 3]. □

Lemma 4.3 (Geometrically reducible curves have finitely many rational
points). Let C/k be an irreducible affine curve over a number field. If C is
not geometrically integral, then C(k) is finite.

Proof. Let Cν → C be the normalization. The nonnormal locus of C is
finite, and the normalization is an isomorphism over its complement. Let
L be the algebraic closure of k in k(C). Since k is perfect, non-geometric
integrality is equivalent to L ̸= k. A k-point of the normal open part would
lift uniquely to Cν(k), and evaluation at that point would embed L into k
over k, impossible. Thus all k-points lie in the finite nonnormal locus. □

Let C/k be an irreducible affine curve, let Cν be its affine normalization,
and let C̃ be the smooth projective normalization. When C is geometrically
integral, write

DC = C̃ \ Cν

for the geometric boundary.

Proposition 4.4 (Componentwise S-integral value count). Let S and T
be finite sets of places of k containing the Archimedean places. Let C/k be
an irreducible affine curve, let x ∈ k[C] be nonconstant, and let A ⊆ C(k)
be contained in the set of T -integral points for a fixed affine model of C.
Define

MC(B; S, T ) = #{a ∈ Ok,S : H(a) ≤ B, a = x(P ) for some P ∈ A}.

Then:
(a) If C is not geometrically integral, then MC(B; S, T ) = OC(1).
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(b) If C is geometrically integral and either genus(C̃) > 0 or #DC ≥ 3,
then MC(B; S, T ) = OC,k,T (1).

(c) If genus(C̃) = 0 but C̃ ≁= P1
k, then MC(B; S, T ) = OC(1).

(d) If C̃ ∼= P1
k and #DC = 1, then there is a coordinate t on C̃\DC

∼= A1

such that
x = A(t), A ∈ k[t].

Let d = deg A. If A(k) ∩ Ok,S = ∅, then MC(B; S, T ) = OC(1).
Otherwise

MC(B; S, T ) ≪C,k,S,T Bnk/d(log(2B))qk,S .

(e) If C̃ ∼= P1
k and #DC = 2, then there is a finite extension L/k splitting

the two boundary points and a finite set of places U of L, depending
only on C, S, T and the affine model, such that

MC(B; S, T ) ≪C,k,S,T (log(2B))ρC , ρC = rk O∗
L,U .

Proof. Part (a) is Lemma 4.3. Passing from C to its affine normalization
changes the count by at most a constant, since the normalization is an
isomorphism away from finitely many affine points.

Part (b) is Siegel–Mahler: an affine curve over a number field has finitely
many T -integral points unless its normalization has genus zero and at most
two points at infinity; see Lang [15, Ch. 7] or the subspace-theorem proof
of Corvaja–Zannier [7].

For (c), a smooth projective genus-zero curve over k which is not isomor-
phic to P1

k has no k-rational point. Thus rational points of the affine curve
can occur only in the finite exceptional locus where the normalization map
is not an isomorphism.

For (d), the unique geometric point of DC is Galois invariant, hence
defined over k. Its complement is A1

k; choose a coordinate t. Since x is
regular away from the unique point at infinity, x = A(t) with A ∈ k[t]. The
normalized part contributes only values in A(k)∩Ok,S, so if this set is empty
the only possible contribution is from the finite normalization-exceptional
locus.

Assume now that A(k) ∩ Ok,S ̸= ∅. There exists a nonzero δ ∈ k,
depending only on A and S, such that

A(t) ∈ Ok,S =⇒ δt ∈ Ok,S.

Indeed, outside a fixed finite set of places containing S, the coefficients
of A are integral and the leading coefficient is a unit; at such a place,
v(t) < 0 would force v(A(t)) < 0. At the remaining finitely many places
outside S, the possible negative values of v(t) are uniformly bounded by the
same leading-term comparison. A single δ clears these bounded negative
valuations. Thus the relevant parameters lie in a fixed fractional Ok,S-ideal.
If H(A(t)) ≤ B, then Lemma 4.2 gives H(t) ≪A B1/d. Applying Lemma 4.1
to that fractional ideal gives the asserted upper bound.

For (e), pass to a finite extension L/k over which the two boundary
points are rational. Choose a coordinate u sending them to 0 and ∞. The



POLYNOMIAL VALUE-SET LIFTING 13

affine normalization becomes Gm, and x = A(u) for a Laurent polynomial
A ∈ L[u, u−1]. The normalization ring L[u, u−1] is finite over the coordinate
ring of the chosen affine model after base change to L. After enlarging T
to a fixed finite set U of places of L, all structure constants for this finite
integral extension are U -integral. If P ∈ A, the values of the original affine
coordinate ring at P are U -integral; since u and u−1 are integral over that
ring, their values are integral over OL,U . The ring OL,U is integrally closed,
so

u(P ), u(P )−1 ∈ OL,U .

Thus u(P ) ∈ O∗
L,U . The absolute multiplicative Weil height is unchanged by

passing from k to the finite extension L, since it is normalized with respect to
the product formula. Therefore the condition H(x(P )) ≤ B, with x(P ) ∈ k,
is the same height condition after viewing x(P ) as an element of L. The
Laurent polynomial A(u) defines a nonconstant rational map P1

L → P1
L. By

the height-growth estimate for rational maps, Lemma 4.2, the condition
H(x(P )) = H(A(u(P ))) ≤ B gives H(u(P )) ≪A BCA for some constant
CA > 0. Dirichlet’s unit theorem then gives

#{u ∈ O∗
L,U : H(u) ≤ BCA} = O((log(2B))ρC ),

where ρC = rk O∗
L,U . This proves (e). □

5. Sparse exceptional lifting over number fields

Let k be a number field, let S be a finite set of places containing the
Archimedean places, and let f, g ∈ k[x] be nonconstant. Define

Cf,g = (f(X) − g(Y ) = 0)red ⊂ A2
k.

A component C of Cf,g is a graph component if
C = (Y = h(X))

for some h ∈ Hf,g(k). By Theorem 3.1, these are exactly the components
of generic degree one over A1

X . For a non-graph component C, put
dX(C) = [k(C) : k(X)].

Equivalently, dX(C) is the degree of the projection C → A1
X . Since graph

components have been removed, dX(C) ≥ 2.
Let R1(f, g; k) be the set of non-graph irreducible components C of Cf,g

such that C is geometrically integral, C̃ ∼= P1
k, and #DC = 1. For C ∈

R1(f, g; k), choose
X = AC(t), Y = BC(t), AC , BC ∈ k[t].

We call C S-active if AC(k) ∩ Ok,S ̸= ∅, and write
Ract

1 (f, g; k, S) = {C ∈ R1(f, g; k) : AC(k) ∩ Ok,S ̸= ∅}.

This definition is independent of the chosen affine coordinate t, because
another coordinate has the form at+b with a ∈ k∗, b ∈ k. Let R2(f, g; k) be
the set of non-graph irreducible components C such that C is geometrically



14 HENRY SHIN

integral, C̃ ∼= P1
k, and DC consists of two geometric points. These two points

may be conjugate over k.

Lemma 5.1 (Uniform denominator control). There is a finite set of places
S ′ ⊇ S, depending only on f, g, k, S, such that for every a ∈ Ok,S and every
y ∈ k,

g(y) = f(a) =⇒ y ∈ Ok,S′ .

Proof. Let S ′ be obtained from S by adjoining the finite places at which
some coefficient of f or g is not integral, or at which the leading coefficient
of g is not a unit. Let v /∈ S ′ be non-Archimedean and suppose a ∈ Ok,S.
Since S ⊆ S ′, the element a is v-integral, and hence f(a) is v-integral. If
v(y) < 0, the leading term of g(y) has strictly smaller v-adic valuation than
all lower terms, because the leading coefficient is a v-adic unit and the other
coefficients are v-integral. Thus v(g(y)) < 0, contradicting g(y) = f(a).
Hence v(y) ≥ 0 for all v /∈ S ′, which is precisely y ∈ Ok,S′ . □

Define the new lifting count

Nnew
f,g,k,S(B) = #

{
a ∈ Ok,S : H(a) ≤ B, ∃y ∈ k with g(y) = f(a),

y ̸= h(a) for every h ∈ Hf,g(k)
}

.

Lemma 5.2 (New lifts lie on non-graph components). Let a ∈ k and y ∈ k
satisfy g(y) = f(a). If y ̸= h(a) for every h ∈ Hf,g(k), then (a, y) lies
on at least one non-graph component of Cf,g, and on no graph component.
Consequently, the inputs counted by Nnew

f,g,k,S(B) are accounted for by non-
graph components; component intersections affect only finitely many affine
points and are harmless for the stated upper bounds.

Proof. If (a, y) lies on a graph component Y = h(X), then y = h(a), con-
trary to the defining condition for a new lift. Since (a, y) ∈ Cf,g, it lies
on some irreducible component; if no graph component can contain it, at
least one component containing it is non-graph. Intersections of distinct
components form a finite subset of the affine curve and therefore affect the
input count by at most a constant. □

Theorem 5.3 (Sparse exceptional lifting over number fields). Let k be a
number field, let S be a finite set of places containing the Archimedean
places, and let f, g ∈ k[x] be nonconstant. Put

qk,S = rk O∗
k,S = |S| − 1.

Then there are nonnegative integers ρC, for C ∈ R2(f, g; k), depending only
on k, S, f, g, such that

Nnew
f,g,k,S(B) ≪k,S,f,g 1 +

∑
C∈Ract

1 (f,g;k,S)
Bnk/dX(C)(log(2B))qk,S

+
∑

C∈R2(f,g;k)
(log(2B))ρC .
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The integer ρC may be taken to be the rank of the UC-unit group of a fi-
nite extension splitting the two boundary points of C, for a finite set UC

depending only on C, S, and the affine model.
Proof. By Lemma 5.1, choose a finite set of places S ′ ⊇ S such that every
relevant lift satisfies y ∈ Ok,S′ . Thus the relevant pairs (a, y), with a ∈ Ok,S,
are S ′-integral points on the affine curve Cf,g. The original set S controls
the X-coordinate being counted; the enlarged set S ′ is used only to place
the points on a fixed integral model and to invoke Siegel–Mahler and unit
estimates.

By Lemma 5.2, the counted lifts are accounted for by non-graph com-
ponents; graph components are exactly the excluded polynomial sections.
Thus it suffices to sum over the non-graph components of Cf,g. For a
non-graph component C, apply Proposition 4.4 to the coordinate function
x = X|C , with the original set S in the counted X-coordinate and with
T = S ′ for integrality of points on the curve. Non-geometrically integral
components, components of positive genus, components with at least three
points at infinity, and genus-zero components whose normalization is not
P1

k, all contribute only O(1).
If C ∈ R1(f, g; k), the parametrization X = AC(t) shows that the normal-

ized one-infinity part contributes a power term only when AC(k)∩Ok,S ̸= ∅,
i.e. only when C is S-active; an inactive component contributes only O(1).
In the active case Proposition 4.4 gives the stated bound with logarithmic
exponent qk,S = |S| − 1. Components in R2(f, g; k) contribute the stated
polylogarithmic bound. Since there are finitely many components, summing
proves the theorem. □

Corollary 5.4 (Power exponent over number fields). If Ract
1 (f, g; k, S) ̸= ∅,

define
θf,g,k,S = max

C∈Ract
1 (f,g;k,S)

1
dX(C) .

Then
Nnew

f,g,k,S(B) ≪k,S,f,g Bnkθf,g,k,S (log(2B))qk,S

+ (log(2B))c.

for some c ≥ 0, coming only from two-infinity components. If
Ract

1 (f, g; k, S) = ∅, then
Nnew

f,g,k,S(B) ≪k,S,f,g (log(2B))c.

In all cases,
Nnew

f,g,k,S(B) ≪k,S,f,g Bnk/2(log(2B))qk,S + (log(2B))c,

and if no active one-infinity component has dX(C) = 2, this improves to
Nnew

f,g,k,S(B) ≪k,S,f,g Bnk/3(log(2B))qk,S + (log(2B))c.

Proof. Every non-graph one-infinity component has dX(C) ≥ 2, because the
dX = 1 components are exactly graph components by Theorem 3.1. If no
active component has dX = 2, then all active one-infinity components have
dX ≥ 3. The claims follow from Theorem 5.3. □
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6. Active components and lower bounds

The upper bound in Theorem 5.3 distinguishes geometric possibility from
arithmetic activity. We now show that activity gives the expected lower
power.

Lemma 6.1 (Integer-valued cosets). Let A ∈ k[t], and suppose A(t0) ∈ Ok,S

for some t0 ∈ k. Then there exists λ ∈ k∗ such that
A(t0 + λu) ∈ Ok,S (u ∈ Ok,S).

Proof. Write the Taylor expansion
A(t0 + Z) = A(t0) + c1Z + · · · + cdZd, ci ∈ k.

Choose λ ∈ k∗ so that ciλ
i ∈ Ok,S for all i. Then A(t0 + λu) ∈ Ok,S for all

u ∈ Ok,S. □

Theorem 6.2 (Lower bound from an active component). Let k be a num-
ber field, let S contain the Archimedean places, and let f, g ∈ k[x] be
nonconstant. Suppose C ∈ Ract

1 (f, g; k, S) is a non-graph component with
d = dX(C). Then

Nnew
f,g,k,S(B) ≫k,S,f,g,C Bnk/d(log(2B))qk,S .

In particular, the power-log order attached to C is sharp.

Proof. Choose a parametrization
X = A(t), Y = B(t), A, B ∈ k[t],

with deg A = d. Since C is active, there exists t0 ∈ k with A(t0) ∈ Ok,S.
By Lemma 6.1, choose λ ∈ k∗ such that A(t0 + λu) ∈ Ok,S for all u ∈ Ok,S.

For H(u) ≤ cB1/d, with c > 0 small enough, the height estimate gives
H(A(t0 + λu)) ≤ B. By Lemma 4.1, there are ≫ Bnk/d(log(2B))qk,S such
parameters u. The polynomial A has degree d, so each x-value has at most
d preimages in the parameter line.

It remains only to remove graph intersections. For a fixed h ∈ Hf,g(k),
the identity

B(t) = h(A(t))
can hold for infinitely many t only if the component C is contained in the
graph Y = h(X), contrary to the hypothesis that C is non-graph. Since
there are finitely many graph components, excluding all graph intersections
removes only finitely many parameters. The remaining parameters give
distinct new lifts counted by Nnew

f,g,k,S(B), up to the bounded multiplicity of
A. This proves the lower bound. □

Corollary 6.3 (Order of magnitude when an active component exists). If
Ract

1 (f, g; k, S) ̸= ∅ and

θf,g,k,S = max
C∈Ract

1 (f,g;k,S)

1
dX(C) ,

then
Nnew

f,g,k,S(B) ≍k,S,f,g Bnkθf,g,k,S (log(2B))qk,S .
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If there is no active one-infinity component, then the only possible infi-
nite contribution is the polylogarithmic contribution from two-infinity com-
ponents.

Proof. The upper bound is Corollary 5.4. For the lower bound, choose an
active component C with 1/dX(C) = θf,g,k,S and apply Theorem 6.2. Since
the number of components is finite, overlaps among components can only
decrease the componentwise upper sum and do not affect the lower bound
obtained from this single component. □

Corollary 6.4 (Sharp integer exponents over Q). Let f, g ∈ Q[x] be non-
constant. Then

Nnew
f,g (B) ≪f,g 1 +

∑
C∈Ract

1 (f,g;Q,{∞})
B1/dX(C)

+
∑

C∈R2(f,g;Q)
(log(2B))ρC .

If Ract
1 (f, g;Q, {∞}) ̸= ∅ and

θf,g = max
C∈Ract

1 (f,g;Q,{∞})

1
dX(C) ,

then
Bθf,g ≪f,g Nnew

f,g (B) ≪f,g Bθf,g + (log(2B))c.

If there is no active one-infinity component, then

Nnew
f,g (B) ≪f,g (log(2B))c.

In particular, square-root growth

Nnew
f,g (B) ≍f,g B1/2

occurs if and only if there is an active non-graph rational one-infinity com-
ponent with dX(C) = 2. If no such component exists, then

Nnew
f,g (B) = Of,g(B1/3) + Of,g((log(2B))c).

Proof. This is Theorem 5.3 and Theorem 6.2 with k = Q and S = {∞}. For
this S, there is no logarithmic factor in the one-infinity power terms. Since
non-graph components have dX(C) ≥ 2, the maximal possible exponent is
1/2, and it is attained exactly by an active component with dX(C) = 2. □

Corollary 6.5 (No-composition form). If f, g ∈ Q[x] are nonconstant and
there is no h ∈ Q[x] with f = g ◦ h, then

#{n ∈ Z : |n| ≤ B, f(n) ∈ g(Q)} = Of,g(B1/2).

The refined componentwise bound of Corollary 6.4 also holds.

Proof. Under the no-composition hypothesis Hf,g(Q) = ∅, so Nnew
f,g (B) is

exactly the displayed count. □
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Example 6.6 (Sharpness of every exponent). For d ≥ 2, take
f(X) = X, g(Y ) = Y d.

There is no h ∈ Q[X] with X = h(X)d. The curve X = Y d is rational, has
one geometric point at infinity, and is parametrized by

X = td, Y = t.

Thus dX = d, and the integer inputs which lift are the integer d-th powers,
up to the usual sign convention when d is odd. The count is ≍ B1/d. Over
a number field, the same example gives the sharp order

B[k:Q]/d(log B)qk,S .

For instance, over a real quadratic field with S = S∞, the logarithmic factor
is log B, because qk,S = 1.

Example 6.7 (A square-root singular component). For
f(X) = X3, g(Y ) = Y 2,

the curve X3 = Y 2 is parametrized by
X = t2, Y = t3.

It is rational with one geometric point at infinity and dX = 2, so it gives
square-root growth. The square-root source need not be a smooth conic;
singular rational components also occur.

Example 6.8 (A local obstruction). For

f(X) = X, g(Y ) = Y 2 + 1
2 ,

the curve is rational and has the parametrization

X = t2 + 1
2 , Y = t.

However it produces no integer inputs. If n = y2 + 1/2 with n ∈ Z and
y = a/b ∈ Q in lowest terms, then

2nb2 = 2a2 + b2.

If b is odd, the right side is odd and the left side is even. If b is even, then
a is odd, and after writing b = 2c the equation becomes

4nc2 = a2 + 2c2,

whose two sides have opposite parity. Thus no such rational y exists. This
explains why the upper-bound theorem must distinguish component geom-
etry from arithmetic activity.

Example 6.9 (A reducible example with graph removal). Let
f(X) = X4, g(Y ) = Y 4.

Then
f(X) − g(Y ) = (X − Y )(X + Y )(X2 + Y 2).
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The first two factors are graph components, corresponding to Y = X and
Y = −X. The remaining factor is irreducible over Q but not geometrically
integral; over Q(i) it splits into the two graph lines Y = ±iX. Hence
it contributes only finitely many rational points, in fact only (0, 0) over
Q. Thus after graph removal one has Nnew

f,g (B) = O(1). This example
illustrates why graph components and geometrically reducible components
are separated before the sparse exponent is read off.

Example 6.10 (A Chebyshev standard-pair component). Let T2(z) = 2z2−
1 and T3(z) = 4z3 − 3z. Take

f(X) = T2(X), g(Y ) = T3(Y ).
The identity T2(T3(t)) = T3(T2(t)) gives a rational component of T2(X) −
T3(Y ) = 0 parametrized by

X = T3(t), Y = T2(t).
It is birational because X = t(2Y − 1), so t = X/(2Y − 1) in the function
field. The component is not a graph component: T2(t) /∈ Q[T3(t)], since a
nonconstant polynomial in T3(t) has degree divisible by 3. Thus it is an
active one-infinity component with dX = 3, and it gives

Nnew
f,g (B) ≫ B1/3.

This illustrates how the theorem reads a Bilu–Tichy-type component as a
sparse integer exponent without attempting to reclassify the component.

Example 6.11 (A two-infinity Pell component). Let D > 1 be a squarefree
integer, and take

f(X) = X2, g(Y ) = DY 2 + 1.

The curve f(X) = g(Y ) is
X2 − DY 2 = 1.

It is rational over Q, has two geometric points at infinity, and is not a
graph component. Its integer points are Pell solutions. For every nonsquare
D > 1, the norm-one unit group in Q(

√
D) has rank one; even when a chosen

fundamental unit has norm −1, its square has norm 1. Hence the integer
solutions give ≍D log B inputs |X| ≤ B, in agreement with the two-infinity
polylogarithmic term in Corollary 6.4. This example also shows why the
one-infinity power terms and the two-infinity unit terms must be separated.

7. Computing the exponent

For explicit polynomials over Q, the exponent in Corollary 6.4 can be
extracted by a finite procedure. The procedure is not a new factorization al-
gorithm; it is an explicit translation of the theorem into standard operations
on plane curves: factorization, normalization, genus and boundary compu-
tation, parametrization of rational components, and a finite integrality test
for the X-parametrization. General algorithmic criteria for infinitude of in-
tegral points on affine curves are developed by Alvanos–Bilu–Poulakis [1];
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the test below is the special one-variable denominator reduction needed for
the activity condition in the present counting theorem.
Lemma 7.1 (Finite denominator test over Q). Let A ∈ Q[t] be nonconstant.
There is an effectively computable integer M ≥ 1 such that, whenever t =
a/b ∈ Q is in lowest terms and A(t) ∈ Z, one has b | M . Consequently, the
condition A(Q) ∩Z ̸= ∅ can be checked by finitely many explicit polynomial
congruence conditions.
Proof. Write A(t) = q−1P (t), with P ∈ Z[t], q ∈ Z>0, and let m = deg P .
Let p be a prime. If the coefficients of P are p-integral and the leading
coefficient is a p-adic unit, then vp(t) < 0 forces vp(P (t)) = mvp(t) < 0, be-
cause the leading term has strictly smaller valuation than every lower term.
Hence, at primes not dividing q or the leading coefficient of P , integrality
of A(t) forces vp(t) ≥ 0.

It remains only to bound denominators at the finite set of bad primes.
This is effective. Fix such a prime p. For each lower term pit

i with i < m,
the inequality

vp(pm) + mvp(t) < vp(pi) + ivp(t)
holds for all sufficiently negative vp(t); the explicit threshold is obtained by
taking the maximum of the finitely many ratios (vp(pm) − vp(pi))/(m − i),
together with the valuation of q. Below this threshold the leading term
strictly dominates, so vp(A(t)) < 0. Therefore vp(t) is bounded below by
a computable integer for every bad prime. Taking M to contain the corre-
sponding prime powers clears all possible bounded negative valuations and
gives the first claim.

For each divisor b | M , the condition A(a/b) ∈ Z, with (a, b) = 1, is
completely explicit. Namely, write

Pb(T ) = bmP (T/b) =
∑

i

piT
ibm−i ∈ Z[T ],

where P (T ) = ∑
i piT

i. Then
A(a/b) ∈ Z ⇐⇒ qbm | Pb(a).

For fixed b, this divisibility depends only on the residue class of a modulo
qbm, together with the condition (a, b) = 1. Thus activity is reduced to
finitely many polynomial congruence checks. □

Step 1. Factor P (X, Y ) = f(X) − g(Y ) in Q[X, Y ], and take the
squarefree part.

Step 2. Remove graph factors. Equivalently, remove the factors Y −
h(X) with h ∈ Q[X] and f = g ◦ h. These are exactly the
components of degree one over the X-line.

Step 3. For each remaining factor, test geometric irreducibility. A
factor irreducible over Q but not geometrically integral con-
tributes only finitely many rational points.

Step 4. For each geometrically integral component, compute the genus
of the smooth projective normalization and the number of
boundary points above the line at infinity of the affine model.
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Step 5. Keep the rational one-infinity components. For each such com-
ponent, choose a polynomial parametrization

X = A(t), Y = B(t), A, B ∈ Q[t],

and record dX(C) = deg A.
Step 6. Test activity by checking whether A(Q) ∩ Z is nonempty. If

A(t0) ∈ Z, Lemma 6.1 constructs a rational arithmetic pro-
gression on which A is integer-valued. Conversely, if no such
t0 exists, the normalized one-infinity part contributes no in-
teger inputs, apart from the finite normalization-exceptional
locus.

Step 7. The power exponent is

θf,g = max
C active

1
dX(C) .

If no active one-infinity component survives, only the polylog-
arithmic contribution from two-infinity rational components
remains.

The finite nature of Step 6 is justified by Lemma 7.1. The procedure is
effective for the exponent once the standard curve operations above have
been carried out. The finite exceptional sets whose finiteness comes from
Siegel–Mahler are not claimed to be effectively enumerated here; the paper
uses them only through their O(1) contribution to the height count.

8. Quadratic sources and the square-root boundary

We now prove the reduction stated in the introduction.

Proposition 8.1 (Quadratic-source reformulation). Let k be a field of char-
acteristic zero, and let f, g ∈ k[x] be nonconstant. The curve Cf,g has a
non-graph rational one-infinity component C with dX(C) = 2 if and only if
there exist polynomials A, B ∈ k[t] such that

deg A = 2, k(A(t), B(t)) = k(t),

f(A(t)) = g(B(t)),
and

B(t) /∈ k[A(t)].
Equivalently, after a linear change of the parameter and a linear change of
the X-coordinate, one may write

A(t) = αt2 + β, α ∈ k∗, β ∈ k.

Proof. Suppose first that C is such a component. Its smooth projective
normalization is P1

k, and the affine normalization has one point at infinity.
Hence there is a coordinate t on the affine normalization for which

X = A(t), Y = B(t), A, B ∈ k[t].
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The projection degree to the X-line is deg A, so dX(C) = 2 gives deg A = 2.
Since t is a normalization parameter,

k(C) = k(t) = k(A(t), B(t)).
The identity f(X) = g(Y ) on C gives f(A(t)) = g(B(t)). If B(t) ∈ k[A(t)],
then Y is a polynomial function of X, so C is a graph component. Thus
B(t) /∈ k[A(t)].

Conversely, such A, B define a rational curve contained in Cf,g. Its Zariski
closure is irreducible, and since Cf,g is a curve this closure is an irreducible
component of Cf,g. The condition k(A, B) = k(t) says that the parametriza-
tion is birational onto its image. Since deg A = 2, the projection degree to
the X-line is 2. The condition B /∈ k[A] excludes graph components. Fi-
nally, because A, B ∈ k[t], the affine normalization has one geometric point
at infinity: indeed k[t] is integral over k[A, B], has the same fraction field,
and is integrally closed, so it is the normalization of the affine coordinate
ring.

In characteristic zero, every quadratic polynomial can be completed to a
square. After a linear change of the parameter and a linear change of the
X-coordinate we may therefore write A(t) = αt2 + β, with α ̸= 0. □

The following classical cancellation result is used only in the equal-outer-
degree case needed for quadratic sources.
Lemma 8.2 (Engstrom cancellation in equal outer degree). Let k be a field
of characteristic zero. Suppose P, Q, R, S ∈ k[x] are nonconstant polynomi-
als satisfying

P ◦ Q = R ◦ S, deg P = deg R.

Then there is a linear polynomial ℓ ∈ k[x] such that
P = R ◦ ℓ, S = ℓ ◦ Q.

In particular, if P ◦ Q = P ◦ S, then
S = ℓ ◦ Q, P ◦ ℓ = P

for some linear ℓ.
Proof. This is the equal-outer-degree case of Engstrom’s cancellation theo-
rem for polynomial substitutions [12]. The theorem applied over k̄ gives a
linear polynomial ℓ(Y ) = aY + b. Since Q, S ∈ k[x] and S = ℓ ◦ Q, com-
parison of leading coefficients gives a ∈ k, and then comparison of constant
terms gives b ∈ k. Hence ℓ is defined over k. □

Theorem 8.3 (Quadratic sources and affine involutions). Let k be a field
of characteristic zero, and let f, g ∈ k[x] be nonconstant. The following are
equivalent.

(i) The curve Cf,g has a non-graph rational one-infinity component C
with dX(C) = 2.

(ii) There exist α ∈ k∗, β, c ∈ k, a nonzero polynomial E ∈ k[U ], and a
nonconstant polynomial G ∈ k[Z] such that

g(Y ) = G((Y − c)2)
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and
f(αU + β) = G

(
UE(U)2

)
.

In this case a corresponding component is parametrized by
X = αt2 + β, Y = c + tE(t2).

Consequently, if g has no nontrivial affine involution Y 7→ 2c−Y with g(2c−
Y ) = g(Y ), then Cf,g has no non-graph rational one-infinity component with
dX = 2. In particular, if deg g is odd, no such component exists.

Proof. Assume first that C is a non-graph rational one-infinity component
with dX(C) = 2. By Proposition 8.1, after a linear change of the parameter
and of the X-coordinate we may write

X = A(t) = αt2 + β, Y = B(t),
with α ̸= 0, k(A, B) = k(t), f(A(t)) = g(B(t)), and B(t) /∈ k[A(t)] = k[t2].
Since A(t) = A(−t), we have

g(B(t)) = g(B(−t)).
The two polynomials B(t) and B(−t) have the same degree. Applying
Lemma 8.2 to g ◦ B = g ◦ (B ◦ (−1)), there is a linear polynomial ℓ ∈ k[Y ]
such that

B(−t) = ℓ(B(t)), g ◦ ℓ = g.

Applying t 7→ −t again gives B(t) = ℓ2(B(t)), hence ℓ2 = id. The map
ℓ is not the identity, because otherwise B(t) = B(−t) and B ∈ k[t2] =
k[A], contradicting the non-graph condition. Thus ℓ is a nontrivial affine
involution. In characteristic zero, ℓ(Y ) = 2c − Y for some c ∈ k. Its
invariant ring is

k[Y ]ℓ = k[(Y − c)2],
so g ◦ ℓ = g is equivalent to

g(Y ) = G((Y − c)2)
for some G ∈ k[Z]. The identity B(−t) = 2c − B(t) says that B(t) − c is
odd, hence

B(t) = c + tE(t2)
with E ∈ k[U ], E ̸= 0. Substituting U = t2 into f(A(t)) = g(B(t)) gives

f(αU + β) = G
(
UE(U)2

)
.

This proves (ii).
Conversely, assume (ii). Then

X = αt2 + β, Y = c + tE(t2)
defines a rational curve contained in Cf,g, since

g(Y ) = G
(
(tE(t2))2

)
= G(t2E(t2)2) = f(αt2 + β).

Because E ̸= 0, the function field generated by t2 and tE(t2) is k(t): explic-
itly, t = (tE(t2))/E(t2). Therefore the parametrization is birational onto its
image. The Zariski closure of the image is an irreducible component of Cf,g,
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its projection degree to the X-line is two, and its affine normalization has
one geometric point at infinity. Finally, c+tE(t2) /∈ k[t2], so the component
is not a graph component. This proves (i).

The final assertions follow immediately. A nontrivial affine involution has
the form Y 7→ 2c − Y , and its invariants are polynomials in (Y − c)2. If
deg g is odd, g(Y ) = G((Y − c)2) is impossible for nonconstant G. □

Corollary 8.4 (Explicit fixed-g square-root sources). Let k be a field of
characteristic zero and let g ∈ k[Y ] be nonconstant. The polynomials f ∈
k[X] for which Cf,g has a non-graph rational one-infinity component with
dX = 2 are precisely the following. There exist c, β ∈ k, α ∈ k∗, a nonzero
polynomial E ∈ k[U ], and a nonconstant polynomial G ∈ k[Z] such that

g(Y ) = G((Y − c)2)
and

f(X) = G

X − β

α
E

(
X − β

α

)2
 .

The corresponding component is parametrized by
X = αt2 + β, Y = c + tE(t2).

In particular, once the involutive quotient g(Y ) = G((Y − c)2) is fixed,
quadratic sources are completely parametrized by the choice of α, β and E.

Proof. This is Theorem 8.3 with U = (X − β)/α, rewritten as a formula for
f . Conversely, the displayed formula gives

f(αt2 + β) = G(t2E(t2)2) = g(c + tE(t2)),
and k(t2, tE(t2)) = k(t), so the parametrized curve is a non-graph rational
one-infinity component of projection degree two. □

Corollary 8.5 (Monomial square-root sources). Let k be a field of charac-
teristic zero and let g(Y ) = Y m with m ≥ 2. If m is odd, then no non-graph
rational one-infinity component with dX = 2 can occur for any f ∈ k[X]. If
m is even, then such components occur exactly for polynomials of the form

f(X) =
(

X − β

α

)m/2

E

(
X − β

α

)m

, α ∈ k∗, β ∈ k,

with E ∈ k[U ] \ {0}. The corresponding component is
X = αt2 + β, Y = tE(t2).

Proof. For g(Y ) = Y m, the condition g(Y ) = G((Y − c)2) is impossible
when m is odd. When m is even, the only affine involution fixing Y m

in characteristic zero is Y 7→ −Y , so c = 0 and G(Z) = Zm/2. Apply
Corollary 8.4. □

Corollary 8.6 (Generic absence of square-root sources). Fix an integer
m ≥ 3. For a Zariski-generic polynomial g ∈ k[Y ] of degree m, there
is no non-graph rational one-infinity component with dX = 2 in Cf,g, for
any polynomial f ∈ k[X]. More precisely, the exceptional set of degree-m
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polynomials g for which such a source is not excluded is contained in the
proper algebraic locus of polynomials satisfying g(Y ) = G((Y −c)2) for some
c ∈ k and G ∈ k[Z].

Proof. By Theorem 8.3, a square-root source forces g(Y ) = G((Y −c)2). We
work in the coefficient space Pm ⊂ Am+1

k of degree-exactly-m polynomials,
where the leading coefficient is nonzero. If m is odd, no polynomial of the
form G((Y − c)2) has degree m, so the exceptional locus is empty.

Assume now that m = 2r ≥ 4. Consider the incidence parametrizing
source-even degree-m polynomials:

(c, G) 7−→ G((Y − c)2), c ∈ A1, G ∈ k[Z], deg G = r.

The parameter space has dimension at most 1 + (r + 1) = r + 2. Its image
in Pm is constructible, and the Zariski closure of that image has dimension
at most r + 2. But

dim Pm = m + 1 = 2r + 1,

and r+2 < 2r+1 for r ≥ 2. Hence the Zariski closure of the source-even lo-
cus is a proper algebraic subset of the coefficient space. On the complement
of this proper closed subset, Theorem 8.3 excludes square-root sources. Here
genericity is taken in the coefficient space of degree-m polynomials. □

Definition 8.7 (Source-even polynomials). Let k be a field of characteristic
zero. We say that g ∈ k[Y ] is source-even over k if there are c ∈ k and
G ∈ k[Z] such that

g(Y ) = G((Y − c)2).
Equivalently, g is invariant under the nontrivial affine involution Y 7→ 2c −
Y . This terminology avoids the phrase “linearly conjugate,” which can mean
a different two-sided operation in dynamics.

Proposition 8.8 (Detecting source-even polynomials). Let k be a field of
characteristic zero, and let

g(Y ) = anY n + an−1Y
n−1 + · · · + a0 ∈ k[Y ]

be nonconstant. If g is source-even over k, then n is even and the center c
is unique. For even n, the only possible center is

c = −an−1

nan

.

Thus source-evenness is checked by one finite coefficient test: translate by
this candidate c and verify that all odd powers of Z in g(c + Z) vanish.

Proof. Source-evenness is the existence of an affine reflection Y 7→ 2c − Y
fixing g, equivalently g(c + Z) = g(c − Z). If two different centers c1, c2
worked, then the two corresponding reflections would generate the nontrivial
translation Y 7→ Y +2(c2 − c1). A nonconstant polynomial in characteristic
zero cannot be invariant under a nontrivial translation, so the center is
unique.

If g(c+Z) is even, its degree must be even. Also the coefficient of Zn−1 in
g(c + Z) must vanish. That coefficient is nanc + an−1, giving the displayed
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formula for c. Once this unique candidate is known, the condition is exactly
the vanishing of the finitely many odd coefficients in g(c + Z). □

Corollary 8.9 (A practical square-root obstruction). Let k be a number
field, let S contain the Archimedean places, and let f, g ∈ k[x] be noncon-
stant. If g is not source-even over k, then

Nnew
f,g,k,S(B) ≪k,S,f,g B[k:Q]/3(log(2B))qk,S + (log(2B))c

for some c ≥ 0. In particular, no square-root-order new lifting set can occur
over Q. If deg g is odd, then g is not source-even.
Proof. By Theorem 8.3, a quadratic one-infinity source forces g(Y ) =
G((Y − c)2) for some c ∈ k, i.e. g is source-even over k. If this does not
happen, there is no active component with dX = 2, and Corollary 5.4 gives
the asserted bound. The degree of a source-even polynomial is even, so
odd degree excludes source-evenness. □

Remark 8.10. Proposition 8.1 reduces square-root sources to nontrivial qua-
dratic polynomial pullback identities
f(αt2 + β) = g(B(t)), k(αt2 + β, B(t)) = k(t), B(t) /∈ k[αt2 + β].

The source-even theorem above classifies the quadratic sources at the level
needed for the height-counting problem: they are exactly the identities com-
ing from an involutive quotient g(Y ) = G((Y − c)2). A different, more tax-
onomic problem is to place these identities inside the Bilu–Tichy standard-
pair families after imposing k-rationality and arithmetic activity. Bilu’s
theorem on quadratic factors is relevant low-degree background, but it con-
cerns total degree of a factor rather than the projection degree dX , so it
does not directly settle this projection-degree-two taxonomy.

9. Final remarks

The main theorem should be read as a componentwise sparse-counting
refinement of the Hilbertian value-set lifting principle. It does not decide
which separated-variable components occur; rather, once those components
are known, it determines which ones can contribute integer or S-integer
lifting inputs and with which exponent. The additional symmetry theorem
in Theorem 8.3, together with the source-even test in Proposition 8.8, gives
the square-root source classification needed for this paper: every square-
root source is obtained from an involutive quotient g(Y ) = G((Y − c)2) and
a polynomial E through

X = αt2 + β, Y = c + tE(t2).
A finer classification of which such identities fall into particular Bilu–Tichy
standard-pair families is a separate classification problem, not a needed
input for the componentwise height theorem. The natural remaining task
is therefore narrower than the square-root classification itself: the present
paper already gives the source-even normal form, and what remains is to
compare that normal form with the standard-pair taxonomy and with the
arithmetic activity condition.
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Question 9.1. How does the fixed-g source-even family of Corollary 8.4 de-
compose inside the Bilu–Tichy standard-pair taxonomy after imposing k-
rationality, removing graph components, and imposing S-activity? In par-
ticular, over Q, can one give a short list of the source-even standard-pair
subfamilies for which the associated quadratic X-parametrization is arith-
metically active?
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