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A proof about boundedness, local variation, and how Darboux estimates are built from pointwise
identities.

1. Why prove the product theorem this way?

The theorem is familiar: if f and g are Riemann integrable on a compact interval, then their product
fg is Riemann integrable. There are several standard ways to prove this. One can use upper and
lower step-function approximations, one can split functions into positive and negative parts, or
one can appeal to a more general theorem saying that continuous functions of Riemann integrable
functions are Riemann integrable.

The proof below focuses on a local estimate. It asks:

If x and y lie in the same small interval, how much can f(x)g(x) differ from f(y)g(y)?

The answer is encoded in the elementary identity

f(x)g(z) — f(W)a(y) = (f(x) = f(y)g(z) + f(y)(9(z) — g(y)).

This identity is the engine of the proof. It separates the motion of the product into two parts: the
motion of f, multiplied by a bounded value of g, and the motion of g, multiplied by a bounded
value of f.

Thus, on every interval I, the local oscillation of the product is controlled by the local oscillations
of the factors:
oscr(fg) < My oscr(f) + My osci(g),

where My and M, are global bounds for | f| and |g|.

Once this local estimate is known, the Darboux criterion applies: choose a common refinement on
which the oscillation sums for f and g are small, and the oscillation sum for fg will be small too.

The point of the note is therefore not just to prove a closure property. The point is to practice a
transferable proof pattern:

expand a difference — isolate the moving pieces

— use boundedness — sum local estimates globally.

This is a flexible analytic maneuver. It avoids sign-splitting and does not rely on multiplication
being order-preserving for arbitrary upper and lower approximants. It replaces an order problem
with a variation problem.



2. Darboux notation and oscillation

Let u : [a,b] — R be bounded. If I C [a,b] is a nonempty subinterval, define the oscillation of u on
I by
oscr(u) = sup u(t) — inf u(t).

tel tel
Let
P ={xg,x1,...,20}, a=x9<x1 < - <ITy=">,
be a partition of [a,b]. Write
I = [ 1, 1), Ar; = — 15 1.

Then N
U(P,u) — L(P,u) = Z oscr, (u)Ax;.
i=1

We shall use the Darboux criterion: a bounded function u is Riemann integrable on [a, b] if and
only if for every € > 0 there exists a partition P such that

U(P,u) — L(P,u) < ¢.

The following lemma is a convenient way to estimate oscillations. It lets us replace upper and lower
extrema by arbitrary pairs of points.

Lemma 1 (Oscillation as a two-point supremum). Let u : [ — R be bounded on a nonempty interval
1. Then

oscr(u) = sup |u(x) — u(y)|.
z,yel

Proof. Let

M = t = inf u(t).
Sélel?u()’ m = inf u(t)

For every x,y € I,
u(z) —uly)| < M —m,

and therefore

Conversely, fix n > 0. By the defining properties of the supremum and infimum, there exist z,y € [

such that

u(fn)>M—g, u(y)<m+g.

Hence
lu(z) = u(y)| = u(z) —u(y) > M —m -1,
Since 1 > 0 was arbitrary,

sup |u(z) —u(y)| > M —m.
z,yel

Combining the two inequalities gives

oscy(u) = sup |u(x) — u(y)|.
z,yel



3. The local product estimate
The central estimate is purely local. It does not use integrability. It only uses boundedness and the
product-difference identity.

Lemma 2 (Product oscillation estimate). Let f,g: I — R be bounded functions on a nonempty

interval I. Suppose that
lf(OI < Mg, [g(t)] < M,

for everyt € I. Then
oscr(fg) < My oscr(f) + My oscr(g).

Proof. Let z,y € 1. We write

f(@)g(z) — f(W)gly) = f(x)g(x) — f(y)g(z) + f(W)g(z) — f(y)g(y)
= (f(=) = f(¥)g(x) + f(y)(g9(z) — g9(y))-

Taking absolute values, and using the bounds on f and g, gives

|f(@)g(x) — fF(W)g(W)] < [f(x) = FW)llg(@)]| + [fW)]lg(x) — g(y)|
< Mgl|f(z) = f(y)| + Mylg(x) — g(y)l-

Taking the supremum over all ,y € I and using the preceding lemma, we obtain

oscr(fg) < Mgy osci(f) + My oscr(g).

Figure 1: A schematic view of the product-difference identity. Here A = (f(y),9(y)), B =
(f(y),g(x)), and C = (f(z),g(x)). Moving from A to C through B first changes the g-coordinate
and then changes the f-coordinate. The vertical move is weighted by | f(y)| < M, and the horizontal
move is weighted by |g(z)| < M.

4. Products preserve Riemann integrability

Theorem 1. Let a < b, and let f,g : [a,b] — R be Riemann integrable functions. Then fg is
Riemann integrable on |a,b].



Proof. Since Riemann integrable functions on compact intervals are bounded, choose constants
My, My > 0 such that
[f@) <My, |g(z)] < M,
for every x € [a, b].
Fix € > 0. Choose

e

P M+ My + 1

Since f and g are Riemann integrable, there exist partitions P; and P, of [a, b] such that
U(Pr, f) = L(P, f) <p

and
U(PQag) - L(P27g) <p-

Let
P=PUP,={xp,21,...,2pn}, a=rog <1< - <xp =b.

Because refinement decreases the difference between the upper and lower Darboux sums, we have
For each i, write
I = [zi—1, 4], Ax; = x; — xi_1.
By the product oscillation estimate,
oscr,(fg) < My oscr,(f) + My oscr,(g).
Multiplying by Ax; and summing gives
n
U(Pa fg) - L(Pa fg) = ZOSC[i(fg)AIEi
i=1
' n n
<M, ZOSC[i(f)ALUZ' + My Z oscr, (g)Ax;
i=1 =1
= MQ(U(Paf) - L(Pvf)) +Mf(U(P,g) - L(Pag))
< Mgp+ Myp
= (M + My)p
<eE.

Therefore, for every € > 0, there exists a partition P such that

By the Darboux criterion, fg is Riemann integrable on |[a, b]. O



5. From local oscillation to Darboux sums

The entire proof is organized around the estimate

oscr(fg) < My oscr(f)+ My oscr(g)

for every nonempty subinterval I C [a, b].

This estimate converts local information about f and ¢ into local information about fg. Once we
multiply by interval lengths and sum, the local estimate becomes a Darboux estimate:

The argument proceeds as follows:

compare two expar(lid tfe [ use bound- |
points z,y € [?ro e edness
difference - 7

Y

J ( obtain local )

oscillation

[ sum over
control

the partition

6. Why this avoids sign-splitting

There is a subtle reason some upper/lower approximation proofs of the product theorem become
longer than one might expect. If
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it is not generally true that _
f9<fg<fg

Multiplication is monotone in each variable only under sign restrictions. This is why one often splits
into positive and negative parts before multiplying minorants and majorants.

The oscillation proof bypasses that issue. It does not ask whether products of minorants minorize
or products of majorants majorize. It asks instead:

How far apart can two values of the product be on the same small interval?
This question is answered directly by

f(@)g(z) — f(W)g(y) = (f(z) = f(y)g(z) + f(y)(9(z) — g(y)).

No positivity is required. The possible sign changes of f and g are absorbed by absolute values and
boundedness.

The estimate therefore controls variation without imposing sign restrictions.



7. Other Lipschitz constructions

Let fi,..., fm : [a,b] = R be Riemann integrable, and suppose F' : R™ — R is Lipschitz on a
bounded set containing their joint range. Put h(x) = F(fi(x),..., fm(z)). The function h is
bounded, and for some constant C' > 0,

[F(fu(x), -, fm(@)) = F(f1(y), - -5 fm(y))]
<CO(h(@) = L@+ 4 fm(@) = fu(y)])

Taking suprema over x,y in a nonempty subinterval I gives

oscr(h) < CZosc[(fj).

J=1

Multiplying by interval lengths and summing gives the corresponding bound for the Darboux gaps.
A common refinement makes the gaps for all f; simultaneously small, proving that h is Riemann
integrable.

For multiplication, F(s,t) = st is not globally Lipschitz on all of R?, but it is Lipschitz on every
bounded rectangle. Since Riemann integrable functions on compact intervals are bounded, this is
enough.

For maximum, F'(s,t) = max(s,t) is globally Lipschitz, and the same estimate gives

oscy(max(f, g)) < oscr(f) + oscr(g).



