Divisibility of Separated Polynomials
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Abstract
Let k be a field and let f, g, p,q € k[t], with f and ¢ nonconstant. We prove that

f(x) =8() | p(x) —q(y) ink[xy]
if and only if there is a single polynomial s € k[t] such that
p=sof, gq=sog

The proof uses the fact that k[x] is a free k[f]-module with basis 1,x,...,x98/~1, and then
applies this independently in the two variables. The resulting residue rectangle in k[x, y| turns
the divisibility hypothesis into coefficient identities in k[U, V]. The final step is the diagonal
specialization U = V, equivalently reduction modulo U — V. We also include an explicit
algorithm for extracting the common outer polynomial and an application to a symmetric
functional equation whose branches come from the fibers of t> + t.

1 Statement and first comments

Separated polynomials, namely polynomials of the form p(x) — q(y), occur naturally in factor-
ization problems, fiber products of polynomial maps, and functional equations with conjugate
branches. The following theorem says that divisibility by another separated polynomial f(x) — g(y)
is rigid: it occurs exactly when p and q both descend from the same one-variable polynomial on the
common value of f and g.

Theorem 1.1 (Separated divisibility criterion). Let k be a field, and let

f,8p,q €Kklt], deg f >0, degg > 0.
Then
fx) =gW) [ p(x) —q(y)  ink[x,y]
if and only if there exists s € k[t] such that

p(t) =s(f(t)),  q(t) =s(g(t)).

The reverse implication is immediate. If p =so f and g = s o g, then

p(x) —q(y) =s(f(x)) —s(g(y))-

For every polynomial s, the difference s(U) — s(V) is divisible by U — V in k[U, V], so after
substituting

we get
f(x)—g) | s(f(x)) —s(g(y)) = p(x) —q(y).

The forward implication is the substantial part.



2 The one-variable free-module expansion

We first isolate the basic one-variable fact. It is useful to state it over a general integral domain,
because in the two-variable proof the coefficient ring will temporarily be k[y| or k[U].

Lemma 2.1 (One-variable residue expansion). Let R be an integral domain, and let
F(t) = M 4 ag_1t" 14 + a9 € RH],
whered > 0and A € R*. Then

d—1

R[t] = P RIF)F.

i=0

Equivalently, every H(t) € R[t] has a unique expression
d-1 .
H(t) =) A(F(t)t,  A;eR[T].
i=0
Proof. Since A is a unit in R, we may solve for ¢
d—1
P =ATTE() =AYt
r=0

This identity reduces the power 4 to an R[F]-linear combination of
1,t,..., 1971,

Multiplying by powers of ¢t and arguing by induction, every monomial tN belongs to

Therefore the displayed sum spans R[¢].
For uniqueness, suppose

diAi(F(t))ti =0, A;€R[T)].
i=0
Assume some A; is nonzero. For each nonzero A;, write
Ai(T) = a;T% + lower powers of T, a; # 0.
Since R is an integral domain and A is a unit, the leading term of A;(F(t))# has degree
de; + 1.

For distincti € {0,...,d — 1}, the integers de; + i lie in distinct congruence classes modulo d. Hence
among the nonzero summands there is a unique summand of largest t-degree. Its leading term
cannot cancel with anything else. This contradicts the equality to zero.

Thus all A; vanish, and the expansion is unique. O



Remark 2.2 (No monicity needed). The polynomial F need not be monic. We only need its leading
coefficient to be a unit. In the main theorem the coefficient ring is a field, so every nonzero leading
coefficient is automatically a unit.

Corollary 2.3. Let k be a field and let f € k[t] have degree n > 0. Then

k[x] = €D k[f (x)]x’
i=0
In particular, every p(x) € k(x| has a unique expression
n—1
p(x) = gai(f(x))xl, a; € k[T

3 The two-variable residue rectangle
Set

n = deg f, m = degg.
The next proposition is the structural heart of the proof.

Proposition 3.1 (Two-variable residue expansion). Let f, g € k[t| have degrees n > 0 and m > 0,
respectively. Then every polynomial H(x,y) € k[x, y| admits a unique expression

Hx,y)= Y GCi(f(x),g)x'y,

0<i<n, 0<j<m

where
Ci]'(u, V) € k[U, V]

Equivalently, o
Keyl= @ kf(x)8W)x'y.

0<i<n, 0<j<m

Thus k[x,y] is a free k[f (x), g(y)]-module of rank nm, with basis
B={xy:0<i<n 0<j<m}

Proof. We first prove existence. Regard k|[x, y| as k[y][x]. Applying Lemma 2.1 with coefficient ring
R = k[y] and polynomial f(x), we can write

n—1
x,y) = ;)Ai(f(X) y)x

where
Ai(U,y) € kU, y).

Now fix i. Regard A;(U,y) as a polynomial in y with coefficients in the integral domain k[U].
Applying Lemma 2.1 again, now with polynomial g(y), gives
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for some
Cij(U, V) € k[U,V].

Substituting U = f(x) yields the desired expression.
For uniqueness, suppose

Y, Gi(f(x),8(y)x'y =0

0<i<n, 0<j<m

For each i, put
m—1

Bi(U,y) = Z()J Cii(U, 8(y))y' € k[U,y].
£

Then

By Lemma 2.1, applied over the coefficient ring k[y], each polynomial B;(U, y) is zero. Hence, for

each i,
m—1

Y Ci(Ug))y' =0 ink{Uy)
=
Applying Lemma 2.1 again over the coefficient ring k[U], we obtain
Ci(U,v) =0
for every pair (i, j). This proves uniqueness. O

Remark 3.2 (Lattice intuition). The uniqueness says that the monomials x'y/ with
0<i<m, 0<j<m

form a fundamental residue rectangle. Multiplication by powers of f(x) and g(y) moves this
rectangle by degree increments of size n in the x-direction and size m in the y-direction. The formal
proof above avoids choosing a monomial order, but the following picture captures the degree
geometry.

Corollary 3.3 (Algebraic independence). The natural homomorphism
KU V] —klxyl, U= f(x), V= g(y),
is injective. Equivalently, f(x) and g(y) are algebraically independent over k.

Proof. If C(f(x),g(y)) = 0, then this is a residue expansion supported only in the (i, j) = (0,0) slot.
By uniqueness in Proposition 3.1, C = 0. ]
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Figure 1: The residue rectangle B and some of its degree shifts under multiplication by f(x) and
8()-

4 Proof of the divisibility criterion

We now prove Theorem 1.1.
Assume

f(x) —g) I p(x) —qly)  ink[xyl
Then there exists H(x,y) € k[x, y] such that
p(x) —q(y) = (f(x) —g(y))H(x,y).

By Proposition 3.1, write

Hxy) = Y, Cyi(f(x),8)x'y,

0<i<n, 0<j<m

where C;; € k[U,V]. Then

(f(x) —gW)H(x,y) = Z u - V)Cij(u/ V)‘u:f(x),v:g(y)xiyj-

0<i<n, 0<j<m

On the other hand, by Corollary 2.3, the polynomials p and g have unique expansions

p) = L a(F(), e kU],

and

9(y) = ) bigW)y, b €k[V].

Therefore the two-variable residue expansion of p(x) — q(y) is

n—1 m—1
p(x) —q(y) = ao(f(x)) —bo(8(y)) + Z; a;(f(x))x' — 21 bi(g(y))y'-
i= j=



Comparing the unique coefficients in the residue rectangle gives identities in k[U, V]:

(U-V)Cy(U,V) =0 fori >0, j>0, 1)
(U —V)Co(U, V) = a;(U) fori >0, ©)
(U - V)Co(U, V) = —b;(V) forj >0, 3)
(U = V)Coo(U, V) = ag(U) — bo(V). 4)

The comparison can be visualized as follows: the right-hand side p(x) — q(y) occupies only the
bottom row and the left column of the residue rectangle, while the product (f(x) — g(y))H(x,y)

has coefficient (U — V)C;; in every slot.

j
A
m—1
N
= 0 on RHS
|
0 |4 a;(U)
> |
0 n—1

Figure 2: The coefficient comparison in the residue rectangle.
Since k[U, V] is an integral domain and U — V # 0, equation (1) gives

CZ‘]':O fOI‘i>0,j>0.

Now consider the diagonal specialization map
A kU, V] — k[T], A(U) =T, A(V)=T.
This is the same as reducing modulo the ideal (U — V).
Applying A to equation (2) gives
0=a;(T) fori > 0.

Thus
a, =0 fori > 0.

Then equation (2) also gives Cjy = 0 for i > 0.
Similarly, applying A to equation (3) gives

0=—b(T) forj>0,

SO
bj =0 forj > 0.



Then equation (3) also gives Co; = 0 for j > 0.
Finally, applying A to equation (4) gives

0= Llo(T) — bo(T).

Hence
apg = bo ink [T]

Define
S(T) = IZQ(T) = bQ(T).

Since all a; for i > 0 vanish, the expansion of p reduces to

p(x) = ao(f(x)) = s(f(x)).
Since all b; for j > 0 vanish, the expansion of g reduces to

9(y) = bo(g(y)) = s(g(v))-
Replacing x and y by a single indeterminate f, we get

p(t) =s(f(1),  q(t) =s(g(t))-

This proves the forward implication.
For the converse, suppose p =so f and g = s o g. Write

N
s(T) = Y_ o T
(=0
Then
N N /-1
sU)—s(V) =Y U =V =UuU-v) Y, Y u~rv".
(=1 /=1 r=0

Thus U — V | s(U) —s(V). Substituting U = f(x) and V = g(y) gives
fx) = gy) |s(f(x)) —s(g(y)) = p(x) —4(y)-

The theorem follows. O

5 The binomial-shift version of the diagonal step

The diagonal map A is the shortest way to express the last step of the proof. It is also useful to spell
out the equivalent constructive version, because it explains exactly how terms are moved into a
multipleof U — V.

Lemma 5.1 (Binomial shift). For every B(T) € k[T], there is a polynomial Qp(U, V') € k[U, V| such that
B(V) = B(U) + (V- U)Q(U, V).
More explicitly, if
N
B(T) =Y ¢T,
(=0
then one may take

N -1
QB(U, V) = Z Cy Z v
(=1 r=0
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Proof. Use

/-1
Vé o ué — (V o u) Z Vf*l*?’u?’
r=0
for every ¢ > 1, and sum over the terms of B. O
Applying this lemma to B = by, equation (4) becomes
(LI — V)Coo(u, V) = ﬂo(U) — bo(U) + (ll — V)Qbo(u, V).

Equivalently,
(U= V)(Coo(U, V) = Qu, (U, V)) = ao(U) — bo(U).
Reducing modulo U — V, or equivalently setting V = U, forces
ﬂo(U) — bo(U) =0.

This is precisely the same argument as the diagonal specialization, written in expanded binomial
form.

6 Algorithmic extraction of the outer polynomial

The theorem is structural, but once the conclusion P = S o G is expected, the outer polynomial S
can be computed directly. The following proposition gives a clean extraction method that avoids
solving a large linear system for the coefficients of S.

Proposition 6.1 (Remainder extraction). Let G(t), P(t) € k[t], withd = deg G > 0, and let Z be a new
indeterminate. Divide P(t), as a polynomial in t, by G(t) — Z over the coefficient ring k[Z]:

P(t) = A(t Z)(G(t) — Z) + R(t,Z),  deg,R < d.

Then
P € k[G]

if and only if the remainder R(t, Z) is independent of t, i.e. R(t,Z) € k[Z]. In that case

and R(Z) is the unique outer polynomial.
In particular, if it is already known that P(t) = S(G(t)), then the remainder is exactly

R(t,Z) = S(Z).

Proof. The division is valid in k[Z][t] because the leading coefficient of G(t) — Z, viewed as a
polynomial in ¢, is the nonzero leading coefficient of G, hence a unit of k[Z].

Suppose first that P(t) = S(G(t)). In k[X, Z], the difference S(X) — S(Z) is divisible by X — Z,
so there exists B(X, Z) € k[X, Z] such that

5(X) - 8(2) = (X — Z)B(X, Z).

Substituting X = G(t) gives



Since S(Z) has t-degree 0 < d, uniqueness of division by G(t) — Z gives
R(t,Z) = S(2).

Conversely, suppose the remainder is independent of ¢, say R(t,Z) = S(Z). Apply the homo-
morphism
k[Z,t] — k[t], Z — G(t), t— t.

The division identity becomes
P(t) = A(t,G(1))(G(t) = G(£)) + S(G(#)) = S(G(#)).

Thus P € k[G].
Finally, uniqueness of S follows from injectivity of

k[Z] — klt], Z+— G(t),
which is immediate from deg G > 0: if S # 0, then S(G(t)) # 0 and has degree (deg S)(deg G). O

Remark 6.2 (Using the extraction after Theorem 1.1). If

f(x) =g | p(x) —a(y),

then Theorem 1.1 guarantees p = s o f and q = s o g. Proposition 6.1 recovers s by dividing p(t) by
f(t) — Z, or equivalently by dividing g() by g(t) — Z. The two remainders must agree, and their
common value is s(Z).

[ input { divide by { remainder }
P(t), G(t) G(t)—Zint R(t,Z)

[ R € k[Z]? }
then P = Ro G

Figure 3: Remainder extraction: the outer polynomial is the t-constant remainder after division by
G(t) - Z.

7 Quotient-ring interpretation

Let
A =klx,yl/(f(x) — &),

and write bars for images in A. In A, the defining relation is

fx) = 8(y).

The theorem can be rephrased as the intersection identity

klx] Nkly] = k[f (x)] = k[g(y)] € A.

9



Indeed, if an element of k[x] N k[y] is represented both by p(x) and by g(y), then
p(x) —qy) € (f(x) —8(¥))-

By Theorem 1.1, there is s € k|[t] such that
p=sof, ~ g=sog.

Thus the common element is s(f(x)) = s(g(y))-
This quotient-ring perspective is often the cleanest conceptual summary: on the fiber product
defined by

f(x) =¢),

any function depending only on x and also only on y must come from the shared base coordinate.

8 Geometric reading

Suppose, for intuition, that k is algebraically closed. The equation

defines the fiber product of the maps
Al — A1, x — f(x),

and
Ay — A,y g(y).
The divisibility condition

f(x)—gW) | p(x) —q(y)

means that the separated equation p(x) = ¢(y) holds scheme-theoretically on this fiber product.
The theorem says that this can happen only for the tautological reason: p and g are obtained by
applying the same polynomial s to the common base value.

PTy
Ay xp A} ——————— A}

Pry 8

Al 7 - Al

The diagram is only schematic: the algebraic proof does not require irreducibility of f(x) — g(y),
separability of f or g, or any assumption on the characteristic of k.

10



9 Application: a symmetric functional equation

The criterion is particularly efficient when a functional equation says that a polynomial is constant
on several algebraic branches lying above the same value of another polynomial. The following
example is a model case.

Proposition 9.1 (A three-branch symmetry). Assume chark # 2. Let ®(T) € k[T]. Let X be an
indeterminate, and let w, B be the two roots, in an algebraic closure of k(X), of

Y2+ XY+ X*+1=0.
Equivalently, in square-root notation,

—X++v-3X2—-4 B = —X—+v—-3X2—-14
2 ! N 2 '

If
D(a) = P(X) and  O(B) = P(X)

in the corresponding algebraic extension of k(X), then there exists h(T) € k[T| such that
O(T) = h(T> + 7).
Conversely, every polynomial of the form h(T® + T) satisfies these two branch identities.

Proof. Put
G(T)=T°+T.

A direct factorization gives
GY)-G(X)=(Y3+Y) - (X®+X) = (Y - X)(Y> + XY + X>+1).
Thus Y = X, Y = a,and Y = B are the three roots of
G(Y)-G(X)=0

over an algebraic closure of k(X).
These three roots are distinct. The quadratic factor is separable because its discriminant is

X? —4(X*+1) = -3X> — 4,

which is a nonzero element of k(X) when chark # 2. Also, Y — X and Y2 + XY + X? + 1 are
coprime in k(X)[Y], since substituting Y = X into the quadratic gives

3X2 41,

which is nonzero in k(X) in all characteristics, including characteristic 3, where it equals 1.
By hypothesis,
P(a) —P(X) =0, P(B) —P(X) =0,

and trivially

Therefore the polynomial



vanishes at all three distinct roots of G(Y) — G(X), viewed as a polynomial in Y over k(X).
Since G(Y) — G(X) is monic of degree 3in Y, divide ®(Y) — ®(X) by G(Y) — G(X) in k[X][Y]:

D(Y) —d(X) = Q(X,Y)(G(Y) = G(X)) + R(X,Y),  deg, R < 3.

The remainder R, considered in k(X)[Y], also vanishes at the three distinct roots of G(Y) — G(X).
Since deg, R < 3, it must be zero. Hence

G(Y) = G(X) | ®(Y) - ®(X) ink[X,Y]

Equivalently,
! ’ G(X) = G(Y) | 2(X) — ®(Y).

Applying Theorem 1.1 with
f g g g G’ p _— q = (D,
we obtain a polynomial & € k[T] such that

®(T) = h(G(T)) = h(T® + T).
Conversely, if ®(T) = h(G(T)), then whenever G(Y) = G(X), one has

In particular, the identities hold for the two branches Y = x and Y = B. O

the fiber of G(T) = T> + T

branch
Y=X

branch branch
= =N
T~ —

Y

common value
ey

Figure 4: The two conjugate branches and the trivial branch lie in the same fiber of T° + T.

Remark 9.2. The word “irreducible” is not needed in the argument. The quadratic branch polynomial
may or may not be irreducible over k(X), depending on the field. What matters is that the three
branches are distinct over an algebraic closure of k(X). The main divisibility criterion itself does
not require any separability hypothesis; separability only enters here because we infer divisibility
from vanishing at distinct branches.
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10

Why the nonconstancy hypotheses are necessary

The assumptions deg f > 0 and deg g > 0 are essential.

Example 10.1. Let

Then

fy=0,  gty==£,  p)y=0  q(t)=">.

divides

in k[x, y]. However, there is no polynomial s € k[t] such that

9(t) = s(g(t)) = (1),

because every polynomial in t2 is a linear combination of even powers of t, whereas £3 is not.

11

Some uses of the criterion

The theorem is a useful algebraic test for recognizing common composition hidden inside a
divisibility relation.

1.

Composition detection. If f(x) — g(y) | p(x) — q(y), then p lies in the subring k[f] C k[t], ¢
lies in the subring k[g] C k[t], and the two factorizations use the same outer polynomial s.

Fiber products of polynomial maps. The quotient-ring identity

K[x] N k[y] = k[f(x)]

says that the only functions on the fiber product f(x) = g(y) which separately come from the
two factors are those descending from the base.

Separated-variable factorization. Problems involving divisibility or factorization of polyno-
mials of the form P(x) — Q(y) often reduce to understanding which one-variable polynomials
are composite with a prescribed inner polynomial. The residue-rectangle method provides a
direct coefficient comparison without needing irreducibility of f(x) — g(y).

. Functional equations with conjugate branches. If a polynomial ® is constant on all branches

of a fiber G(Y) = G(X), then G(Y) — G(X) | @(Y) — ®(X). The theorem then turns branch
invariance into the composition statement @ = h o G. Proposition 9.1 is an explicit instance
with G(T) = T° + T.

Characteristic-free arguments. The proof of Theorem 1.1 uses only polynomial identities,
freeness over subrings generated by nonconstant polynomials, and the diagonal specialization
U = V. It therefore works over arbitrary fields, including fields of positive characteristic.

13



12 Summary of the mechanism
The proof has four moving parts.

1. The one-variable decomposition

kxl= @  klf(x))x

0<i<deg f
records every polynomial uniquely by its residue degree modulo deg f.

2. The two-variable decomposition

klx,y] = b k[f(x), g(y)]x'y/

0<i<deg f, 0<j<degg
gives a residue rectangle.

3. In that rectangle, the identity

(f(x) —gW)H(x,y) = p(x) —4(y)
becomes the coefficient system
(U —V)C;;(U, V) = known coefficient;;.

Setting U = V Kkills the factor U — V, forcing all off-origin coefficients of p and g to vanish
and forcing the origin coefficients to agree.

4. Once the common composition is known, the outer polynomial is extracted by dividing P(t)
by G(t) — Z. The t-constant remainder is exactly the desired outer polynomial.

Thus the divisibility condition is exactly equivalent to the existence of a common outer polyno-
mial s with

p=sof, ~g=sog

14
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